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Structure Factor Algebra in the Probabilistic Procedure for Phase Determination. I 
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It is possible to take the statistical weight of reftexions into account in the Ya, Sayre and tangent for- 
mulae. A suitable new use of the normalized structure factors is proposed in these procedures for phase 
determination; new generalized formulae are derived in a form suitable for automatic computer calcula- 
tion. 

Introduction 

Hauptman & Karle (1953) defined the normalized 
structure factor Eh as 

N 

E2h=F~/e Esf~(h) (1) 
I 

where 

m2o + too2 
m ; m20= I l l  m02 III 2 h ar 

m is the symmetry number of the space group, V and r/ 
are the trigonometric functions for the real and 
imaginary parts of the structure factor. 

The quasi-normalized structure factor gh is also 
frequently used in structure determination: it is 

N 

gh = a~ uz ~S Zj  exp 2zcikrj (2) 
1 

N 

where a , = ~ Z J :  no space-group weight of reflexions 
1 

is considered. The Eh was defined to ensure always 
that mean-square (E~)=  1, the quasi-normalized d°h 
to guarantee simplicity in the derivation of algebraic 
relationships. 

Karle & Karle (1966) advised, on an experimental 
basis, the use in symbolic-addition procedures of the 
El, factors where 

IFhl 2 
IE£1 z= N (3) 

dEs f~(h)  
1 

e' is a number which corrects for space-group extinc- 
tions: the relation proposed between gh and E£ is 

16°hlZ(1 -- q) = IE;,I 2 , 

where q is the fraction of reflexions in the h set which 
are space-group extinctions. 

This work justifies in Sayre, tangent and Y t formulas 
a new use of the normalized structure factors on the 
basis of their algebra; a combination of the lineariza- 
tion theory (Bertaut & Waser, 1957; Bertaut, 1959a, b) 
and of the probability distribution functions have been 
used to derive the method in a form suitable for 
automatic computing. A method, similar in some 

aspects, has been used in the centrosymmetric case by 
Naya, Nitta & Oda (1964). 

Algebraic considerations 

For equal atoms, if m is the space-group order, ac- 
cording to (2), (Bertaut & Waser, 1957) 

Nlm m/ph 
gh = N-1/z ~j  Ph ~s exp 2rcihC~xj 

1 1 
N/m 

= N - u2 Es ~ fih) (4) 
1 

where C~x = R~x + T~: C~ is the s-symmetry operation 
(R, rotation component, Ts translation component), 
Ph is the statistical weight. 

Following Woolfson (1954), we impose for general 
reflexions the condition that k varies while gk and 
¢h-k  are constant: we obtain, by the application of the 
central-limit theorem (Cram6r, 1951). 

N/m 
( g h ) = U  -1/2 ~j (~j(h))=U-i/2~k~h_k, ( 5 )  

1 

NIm 
Vh= N -~ ~j  ( l ~ s ( h ) l Z ) - I ( C s ( h ) ) l  ~ 

1 

= N -  1 y.j m - N2 . (6) 
1 

If the number N/m of the independent atoms in the 
cell is large enough 

Vh= l . (7) 

By following the Cochran (1955) treatment and ex- 
pressing in E terms, we obtain the well known results: 

(~0h) =~0k + ~0h-k, (8) 

P(~Ph) =exp {Gh, k cos (~o,,- ~o,,- ~o,,_,,)}/ 
2Mo(Gh, k), (9) 

where 

Ch , , = 2  - 
' I / N  ' 

and Io is a modified Bessel function of the second kind 
(Watson, 1922). 
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Starting from equations (5), (7), (8) and (9) Karle & 
Karle (1966) established, by probability considera- 
tions, the tangent formula 

IEkEh-k[ sin ((ok"[-(oh-k) 
k 

tan (0h=tan ~ IEkEh_k[ c o s  ( ( o k " t - ( o h _ k )  

k 

(lO) 

with variance 
n2 co iz,,(o 0 

V h = ~  - +[Io(~)] -1 Y., n 2 
1 

where 

c~ I2n + 1(00 
] I--4[/°(~)]-1~n0 ( 2 n +  1) z' 

(11) 

{ [2  k Oh." COS ((O" + (oh-")] ~ 

+ [~k Gh.k sin ((ok  hk ]2}1'2 + . (12) 

The central-limit theorem, employed to obtain equa- 
tions (5), (7), (8), (9) disregards the actual algebraic 
form of the ~ function, and therefore these equations 
are not strictly applicable in the case of special re- 
flexions. 

In order to generalize the previous formulae prob- 
ability theory will be used here. 

Probability considerations 
Following Hauptman & Karle (1953) and employing 
the Klug (1958) notation, for a general centrosymmet- 
rical group of order m, the joint probability distribu- 
tion results: 

P(E~,Ez, E3)-  1 [ ] - ~ ( E 1  + (2n)3/2 exp 1 2 g 2 + g 2) 

[ l ! l ! l I  

1 [ /~400 H 4 ( E I )  + ~,040 
+ t-  [ 4!0!0! -O--~v-.-.~ " H4(Ez) + . . .  ] 

1 [ 2zm ] + -~- [ Ti-.l VAO. Hz(EOH2(E2)H2(E3)] 

1 
H~(eOH~(e~)g~(e~)+ ] (13) + t  - ~ -  !. 1!1!3! . . . . . ,  

where 

and 
EI = Eh, Ez = Ek, E3 = Eh + k , 

KrSW Krsw 
~rsw ~ Fr /2  ~ q / 2 ~ w / 2  ~ \ /{FH~(r +s+ w)/2 o 

~ 200 ~ 020 ~x 002 

The first moment of the conditional probability dis- 
tribution P(EI[E2,E3) is, retaining terms to order 
1/t 1/2, 

(E~IE2,E3)= ~ EzE3 . (14) 

As 

( ~(h) ~(k) ~(h +k) ) 
7L ' 

where Ph, Pu, Ph+k are the statistical weights of Eh, 
Ek, Eh + k, we find 

(Eh l Ek, Eh + k) = / ~(h)~(k)~(h+k) \ 
\ rn~/~l/PhPkPh + k / 

1 
× t - ~  EkE~+~= Wh.~(N-~/~E~Eh+~), (15) 

where 

Wh = 1 (m ) 
' ml/PhPuPh+k ~ ' "  1 ~[h(Cs-- I) + k(C~- 1)] . 

(16) 

Wh, k takes the statistical weights of the normalized 
structure factors Eh, Ek, Eh+k into account. Formula 
(16) has been worked out in the Appendix and is very 
suitable for automatic computing. 

As is well known, the second moment of the Eh 
conditional distribution is, from equation (13), re- 
taining terms to order lit 1/2, equal to unity, whatever 
the statistical weights may be. 

If we expand the Eh conditional probability in the 
form of the Gram-Charlier series (Cram6r, 1951) we 
obtain 

1 
P (Eh l Ek, Eh + k) -- 

As 

[ ( )2] 
×exp -½ Eh N1}Z EkEh+k + . . -  

we easily obtain 

[ Wh.k [EhlEkEh+k] P+(Eh)=½+½ tanh [--N-i~ 

or in general 

[tEhl ' ] 
P+(Eh)=½+½ tanh [--N-iTT ~J Wh, kjEl, jEh+kj • (17) 

K, sw is a multivariate cumulant of order r+s+ w, and 
H(z) is a Hermite polynomial defined by the equation: 

d v 
Hv(x) = ( -  1) v exp [½x 2] ~ -  exp [-}xZ] . 

E1 formula 
From Klug (1958) we derive, for a centrosymmetric 
space group of order m, the probability distribution 
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1 
?(Et, E2)= ~ exp [-½(E~ + E,~)] 

1 212 H~(EOH2(E2) 
x 1 + tl/2 1!2! 

1 [ ~  H4(E1) + ~ H~(E2) + - / -  

+ ½ ( ~ )  Z H2(EOH4(E2)] + . . . } ,  

where 

and 

(18) 

E,=E2~, E~=Eh 

K~ K~3 
)'~= (K2o)g/2(Koz)~/z - m,+~)/2 . 

The first conditional moment (E2h [E h) gives, retaining 
terms to order lit 1/2, 

1 
<E2bl Eh> = tl/2 

As (see Appendix) 

(~2(h)~. (2h)> 
Klz= rnx2 = (plO3/z 

we obtain 

1!2! (E~,-1) . 

/ ~,~ ~[h(I- Rq)]~[h(I- R2)] ~ m 

= ~  t Ph v2 / / -  i/Ph , 

1 
<Ez, , IEh>- ---,:2-:--- (E~,- 1) 

21V VPh 

As the variance is equal to unity, by expanding the 
E2h conditional distribution in Gram-Charlier series, 
we can write 

1 [ _ _ ½ ( ( E ~ - I ) )  z] 
P(E2h]Eh) = 2 ~ -  exp E2h 2Na/2 p ~  • 

This equation can be compared with previous results 
[i.e. Cochran & Woolfson (1955), equation (3.8)]. 

The probability P+(E2h) is finally obtained as 

1 [E2h[ ( E ~ -  1)]. (19) P+(E2h)=½+½ tanh 2N~/Zv~p~h 

To obtain other ~ formulas, we modify the prob- 
ability distribution (18) by putting E2=Eh(I-R~), 
where R~ is a matrix rotation of the space groups. In 
this case we obtain 

(~2(h)~[h(I- Rs)]) 
212= ~ -  Rs--~ 

m 

( ~  ~ [ h ( I -  aa)]~[h(I- R~)]) l/'ph(I- a~) 
1 

m3/2ph Vph(I-- Rs) ma/Zph 
and 

i V'Ph(I-- as) (ifhl 2_ I) (Eh(I-R~) IEt')= 2N ~/z Ph 

x exp 2nihT~. 

Likewise equation (19) is modified to 

W 
P+[Eh(I-- R~)]=½+½ tanh ~ IEhfI- a31 (IEhl 2 -  1) 

× exp 2nihT~ 

where W is equal to Vph(I--R~)/ph. 

Non-eentrosymmetric crystal 

As is well known, the characteristic function C of the 
multivariate distribution P(AI, A2, A3, B1, B2, Ba) may 
be expanded in terms of cumulants: 

oo ,lL...w 
C(ul, u2,ua, vl,v2,va)=exp t ~,+~+.. +,~ r!s! .w! 

2 " " 

( iul ~r[ iuz ~s. ( iv3 ~w] 
x ~-ir:, / i~-i~ / "'k t "2 / I 

where 

• . .  m ( r + s + . . . + v o / 2  • 

K,s...w is a cumulant (with indices r ,s , . . . ,w)  of the 
distribution: 

A1 = [Ehl cos qh, 
A2 = IEkl cos ~?k, 
A3 = [Eh-kl COS q~h--k, • • • • 

By taking the Fourier transform we can derive (re- 
taining terms to order 1/t 1/2) the formula 

1 1 
P(AI'A2'A3'BI'B2'B3)= (2n) 3 V2- 

expf_½r~[ [ A~ A~ B~ 
x 

~ i ; ~  + - ~  . . . . .  + . . . +  2o,oooo -~;ooo~o 
2~lloooA~A2A3 

--I--932 1 ~. { 1 + : f  2 [ ~;00O00 " ~;20000 • ~ 002000 + ,l;00002 ~ j 
)toom oA 3Bi B2 A'010101A 2Bx B3 

+ ~;02000. ~000200. ~;000~0 + ~0,0000. ~000~00. ~;00002 
F 

21oooltA1B2B3 } (20) 
+ ;,;ooooo. ~oooo2o. ;,ooooo2 + " "  ' 

where 

and 
~= ~ooooo. ;~o:oooo... ;~ooooo2, 

K2ooooo (C01)) 
m mph 

It is easily shown that the distribution (20) coincides, 
in the case of general reflexions, with the known 
formula (Katie & Hauptman, 1956), 
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1 
P(IEd, IE21,1E31, (O. (O2, (O~) = - ~  lEvi IE21 IE31 

x exp (-lEvi 2 -  IE21 z -  IE31 ~) 

× 1 + ~ IExl IN2[ IF~l cos ((O~-(O2-(O3) • 

The conditional mean values 

(A2A3--BzB3)=(IEkEh_kl cos ((ok Ar-(oh--U)), 

and 

(A2Bz + AaB2)= (]EkEh- k] sin ((ok + (0h-U)), 

when AI and Bt are fixed and the fact that 

@/(h)v/(k)v(h- k)) 
KlllOOO ~ mlllOOO= , etc., 

~ h - - k  
gives the result 

(IEkEh-kl COS ((ok +(oh--k)) 

1 ' - t 1/2 22ooooo A1 - N1/Z 

x {  @'(h) [v(k)v(h-  k ) -  r/(k)r/(h- k)]) } V , ~ _ k p h _  k 

× lEhl COS (oh. 

(w2(h)) 

(21) 

In the same way we find 

([EkEh-kl sin ((ok Jr-(oh--k)) 

1 { 2oolllo + 2O,OlOl } 1 P]/~h 
= t ~Ty )-;00200 Ba - N,/2 @2(h)) 

× { @(h)[q(k)v(h-k) + ~(k)r/(h-k)]) . } V , ~ _ _ k p h _  k 

X [Eh[ sin (oh" (22) 

From the distribution (20) we derive the conditional 
mean values (Ah) and (Bh) when Ak, Ah-k, Bu, Bh-k 
are fixed. After some calculations 

1 {Rlnooo A2A3 
(IEhl cos (oh) = t - ~  ,~,;200-'~0 i-~;02000 

21ooon BzB3} 
+ 20000,o. ,l;oooo2 

/PkPh-k rn { (v(h)g/(k)v(h-k)) 
[/Ph N,/2 IEuEh-kl (v2(k)) (vZ(h_k)) 

X COS (ok COS (oh--k 

(~(h)r/(k)r/(h-k)) sin (ok sin (oh-k'[ 
+ (r/2(k)) @2(h-k)) J 

(23) 

/~-kPh- k m 
(IEhl sin (oh)-- pl/~ h NX/Z IEuEh-kl 

(q(h)r/(k)y/(h-k)) sin (ok COS (oh-k 
X (r/2(k)) (vZ(h_k)) 

@(h) v(k)r/(h- k)) } 
+ @2(k)) (r/2(h_k)) cos (ok sin (oh-k • (24) 

If Eh, Ek, Eh-k are general reflexions we obtain 

1 
(IEh[ cos (oh) :  ~ [EkEh-k[ COS ((ok + (oh-k), 

1 
<lEhl sin (oh)= ~ IEkEh-kl sin ((ok +(oh-k); 

so that in all space groups the relation (8) is justified. 
If Ek is a centrosymmetric reflexion [r/(k)=0], we 

find 

(IEhl cos (oh)-- ¢~-kPh-k m V'Ph N1/Z IEkEh-kl 

{ (v(h)g/(k)v(h- k)) } 
× (v2(k)) (vZ(h_k)) cos ((ok "q-(oh-k) , (25) 

([Ehl sin (oh)-- l/PuPh-k m [/~h Nx/2 IEkEh-kl 

x { (r/(h)v(k)r/(h-k)) sin (~k"l-(oh_k)} • (26) 
(vZ(k)) (vZ(h- k)) 

As in this case 

(v(h)v(k)v(h-  k)) = @(h) ~,(k)r/(h- k)) (27) 
(~'2(k)) (y/2(h-k)) (~2(k)) (vZ(h-k))  

the relation (8) is still valid. 
Analogously, if one Eh-k reflexion is centrosymme- 

trical, equation (25) still holds, and relations similar 
to (26) and (27) can be worked out. Following 
Cochran (1955), one can easily deduce that in the 
distribution (9) a suitable weight must be applied: in 
the example of Table 1, 

~PkPh--k (v(h)v(k)v(h-  k)) 
Gh, k = m  I/~-h (IP'2(k)) (yj2(h- k)) 

x 2 IEhEkEh-kl [EhEkEh-kl 
- i/N = Wh. k2 l/------N- (28) 

A more general expression for these weights, valid 
in all space groups will be identified in the following 
paper (Giacovazzo, 1974). 

I wish to thank Dr J. Karle for critical reading of the 
manuscript. 

APPENDIX 
From the theory of linearization (Bertaut, 1959a, b) we 
obtain for a general space group of order m, 
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(v(h)v(k)~(h-k))  
(e(h)~(k)v(h-k)) 
(~(h)~(k)e(h-k)) 
(~(h)~(k)~(h-k)) 
Wh,k 

Table 1. - h z + k ~ + h k = O  

hlklll hlklll hlklll h lk l l~  h~kt l t  h~ktO h~k~O h~k~O h~k~O h~O0 
h2kzlz hzk20 h200 hzkz0 h 2 0 0  h z k 2 0  h2012 hzk20 h200 hz00 
hakal3 hakal3 hak313 ha013 0k313 h 3 k 3 0  Okala h300 0k30 ha00 
1 2 4 4 8 4 8 8 16 16 
1 0 0 0 0 0 0 0 0 0 
1 2 4 0 0 0 0 0 0 0 

--1 0 0 0 0 0 0 0 0 0 
1 1 1/2 1 1/2 1 2 1/2 2 1/2 

ht00 
h2k212 
hakal3 
4 
0 
0 

- 4  
21/2 

Table 2. hi + hj + hk = 0 

Parity hlktll htktll hlktll htktlt htklll hlktO hlktO hlktO htklO hlO0 
classes h2k212 h2k20 h200 h2kz0 h200 h2k20 h2012 h2k20 h200 h,00 

hakala hak313 h3kala h3013 0k313 hak30 Okala ha00 0k30 ha00 

(~(h)~(k)~(h + k)) 8 16 32 32 64 32 64 64 128 128 
(¢(h)¢(k)¢(h + k)) 

8 81/2 16 16 161/2 81/2 16l/2 16 161/2 16 V~V~Vp, +,, 

Wh,k 1 1/2 2 2 21/2 l/2 21/2 2 21/2 2 

m 

{ffI3){(H~) = ~s {(H3 + HIC,) 
I 

m 

= ~s asfH1){(H3 + HzRs), (AI) 
I 

where as(H) = exp 2rciHT,. 
If  we multiply equation (AI) for {(H2), by setting 

Ha = f i l  + fi2, we find 

m m 
{('[-I~){(H2){(Ha) = ~ ,  ~ ,  { [HI(Cs-  I) + H z ( C , -  I)] 

I I 
m 

= ~, . r  a~(H1)ar(H2) 
I 

x ~[HI(Rs-  I) + H z ( R , -  I)] .  (A2) 

The mean value ({(H1){(H2)~(Ha)) is different from 
the zero for all C,, Cs operations for which 

H,(R,-  I) + Hz(R,- I) =0. (A3) 

For  example, if Cs is a operat ion for which 
H I ( R , - I ) = 0 ,  the condition (A3) is verified for all r 
operations C, such that  

H2(R,-I) =0. 

Therefore, if EH3 is non-special reflexion, we obtain 

(~(H~)~(H2) ( (H3))=PI l l  PH2~(0) = PIll PH2 m" 

Numerical  values for different pari ty classes are 
shown in Table 2 for the space group Pmmm. 

In a similar way it results 
m 

¢=(h)¢(2h) = Z, . ,  ¢ [h ( I -  Cs + 2C,)1. 
1 

If  the h refiexion is general, ({2(h){(2h)) is different 
from zero for C~ = - I  and C, = I" then 

({2(h){(2h)) = rn. 

If Eh has statistical weight Ph, 
mlPh 

({2(h)~(2h)) =Ph 2s, ,  { [ h ( I -  C , +  2C,)] = m p , .  
1 
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