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Structure Factor Algebra in the Probabilistic Procedure for Phase Determination. I

By C.Giacovazzo
Istituto di Mineralogia, Universita di Bari, Italy
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It is possible to take the statistical weight of reflexions into account in the 3, Sayre and tangent for-
mulae. A suitable new use of the normalized structure factors is proposed in these procedures for phase
determination; new generalized formulae are derived in a form suitable for automatic computer calcula-

tion.

Introduction

Hauptman & Karle (1953) defined the normalized
structure factor Ey, as

N
Ef=File lef 5(h) M
where

= 220 s = \(§ wiar; moy= ({ (e
m is the symmetry number of the space group, ¥ and #
are the trigonometric functions for the real and
imaginary parts of the structure factor.

The quasi-normalized structure factor &}, is also
frequently used in structure determination: it is

N
é’h=0'2_1/2 ZJ Zj exp 27tikl‘J (2)
1

N
where g,=),Z3: no space-group weight of reflexions
1

is considered. The E, was defined to ensure always
that mean-square {EZ)=1, the quasi-normalized &,
to guarantee simplicity in the derivation of algebraic
relationships.

Karle & Karle (1966) advised, on an experimental
basis, the use in symbolic-addition procedures of the
E;, factors where

F 2
Al ©
8'§jf 3(h)

|Eql?=

¢’ is a number which corrects for space-group extinc-
tions: the relation proposed between &, and Ey, is

[€ul*(1—q)=|Enl%,

where q is the fraction of reflexions in the h set which
are space-group extinctions.

This work justifies in Sayre, tangent and >, formulas
a new use of the normalized structure factors on the
basis of their algebra; a combination of the lineariza-
tion theory (Bertaut & Waser, 1957; Bertaut, 1959q,b)
and of the probability distribution functions have been
used to derive the method in a form suitable for
automatic computing. A method, similar in some

aspects, has been used in the centrosymmetric case by
Naya, Nitta & Oda (1964).

Algebraic considerations

For equal atoms, if m is the space-group order, ac-
cording to (2), (Bertaut & Waser, 1957)

Nim  m|ph

En=N"Y23; pp >, exp 2aihCyx;
1 i

Nim

=N-123%;&m) (4)

1

where Cx=Rx+T,: C; is the s-symmetry operation
(R rotation component, T, translation component),
Dn is the statistical weight.

Following Woolfson (1954), we impose for general
reflexions the condition that k varies while &, and
&n_y are constant: we obtain, by the application of the
central-limit theorem (Cramér, 1951).

Nim
(Epy=N"12 le &ih))y=N"1"E &y, ®)

Nim
Va=N-"! 12; IEMI) = IKELRHI?

Nim é?’ é?’ _ 2m2
:N—l%j {m_I_&NZ"I_}_ (6)

If the number N/m of the independent atoms in the
cell is large enough

Va=1. ©)

By following the Cochran (1955) treatment and ex-
pressing in E terms, we obtain the well known results:

{Pn)=0Pu+0n_k ®)

P(pn)=exp {Gp, x €08 (¢pn— O — P 1)}/
27T10(Gh. k) , (9)
where
E,E\E,_
G =2 ,Lﬁ.i;sNh_l:l, ,

and I, is a modified Bessel function of the second kind
(Watson, 1922).
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Starting from equations (5), (7), (8) and (9) Karle &
Karle (1966) established, by probability considera-
tions, the tangent formula

2. |ExEy_xl sin (px+ ¢n_x)

. _ 10
an g =tan }E« |ExEn k| cos ((ok+¢h—k) ( )
with variance
ot I,, o S Dnai(
V= +[10( - 5 - o 1(1;2’
(1
where

a={[%:Gh,k cos ((/’k+(0h—k)]z
2y1/2
+ [ Gusin (¢k+¢h_k)]} P

The central-limit theorem, employed to obtain equa-
tions (5), (7), (8), (9) disregards the actual algebraic
form of the & function, and therefore these equations
are not strictly applicable in the case of special re-
flexions.

In order to generalize the previous formulae prob-
ability theory will be used here.

Probability considerations

Following Hauptman & Karle (1953) and employing
the Klug (1958) notation, for a general centrosymmet-
rical group of order m, the joint probability distribu-
tion results:

P(Ev Ex E) = (o o3 | 3BT+ B3+ ED)|

1 A
xfi4 i [ EEsE
1 /1400 '1040
+— [4‘0'0' 4(E1) + =7 0'4'0' H‘l(EZ) +.. ]
1 A?
g [t B A EDHAES |
1 A’Il3
+ - [ HEHEHE +...]. (1)
where
d E1=Eh’ E2=Ek, E3=Eh+ka
an
y _ Krsw _ K”w
T KRKEKSE )T

K., is a multivariate cumulant of order r+s+w, and
H(z) is a Hermite polynomial defined by the equation:

v

H()=(=1) exp [47] 5 exp [~
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The first moment of the conditional probability dis-
tribution P(E|E,, E;) is, retaining terms to order

1/1‘1/2,
(E\EyE)= L EE, . (14
As
¢h) &(k) E(h+k)
Kiyy=my, = — — s
VPh |/Pk |/Ph+k>

where pn, Px, Pns+x are the statistical weights of E,
E,, E, ., we find

E(h)S(k)¢(h+k)
Eh l E s Eh K/ = B ———
Bl B i) < M%) prDicPn >
t”z EyEyx= Wy u(N™ V2B Enii) > (15
where
Wh,k_ - Zs r [h(Cs_I)-{—k(Cr_I)]
ml/PthPh +k < >

(16)

Wh. e takes the statistical weights of the normalized
structure factors E,,, Ey, Ey4x into account. Formula
(16) has been worked out in the Appendix and is very
suitable for automatic computing.

As is well known, the second moment of the Ey
conditional distribution is, from equation (13), re-
taining terms to order 1/¢'/2, equal to unity, whatever
the statistical weights may be.

If we expand the E, conditional probability in the
form of the Gram—Charlier series (Cramér, 1951) we
obtain

1
P(Eh|Ek,Eh+k)= I/ZT
W 2
X exp [_% (E,,— Sk EkEh+k) ] +...

As

we easily obtain

P, (E,)=%+13 tanh [ A2

. lE,,|EkE,.+k] :

or in general

|En|

P,(Ex)=%+} tanh [ o

A kjEkjEm,] amn

X, formula

From Klug (1958) we derive, for a centrosymmetric
space group of order m, the probability distribution
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1
P(E,E,)= b exp [-HEI+E3)]

1 2
{1+ T HE)HAE)
2
+— 4'400| H4(E1) + 0]'.23 H4(E2)

+1 (1%27) Hz(El)H4(E2)] + } (18)

where
E,=Eon, E2=Eh
and
A= Ki; __ Ky
iJ ( Kzo)m( KOZ)JIZ mt +0N/2 °

The first conditional moment {E,;, | E,» gives, retaining
terms to order 1/t1/3

212
Bl Eay= i 1 (B3 -1) -
As (see Appendix)
Koem e SEWmECH)
. TN
{ /5, EmaA-R)MA-RaT\ _
"’ // Vp—h ,
we obtain
1
| Ead= ———— (E3—1) .
Bl )= = (B3 =D

As the variance is equal to unity, by expanding the
E,, conditional distribution in Gram—Charlier series,
we can write

P(Ep| En) = 1 —3( Ep— ER=D
2nl £n)= ECXP 2z 2h WEVP—T .
This equation can be compared with previous results
[i.e. Cochran & Woolfson (1955), equation (3.8)].
The probability P, (E,,) is finally obtained as

Po(Em)=4+} tanh[ |Enl (EL— 1)] .(19)

1/2F

To obtain other >, formulas, we modify the prob-
ability distribution (18) by putting E,=E,I—R)),
where R, is a matrix rotation of the space groups. In
this case we obtain

o (EmEmaA-R)D)
2 ) pu@—Ry)

<¥q éq[h(l - Rq)]é[h(l - Rs)]>
- m*?py, VPh(I —-R)

= l/p (I_Rs}

ml/2p

and

THE PROBABILISTIC PROCEDURE FOR PHASE DETERMINATIOH. I

(ET-R) | Eyy= sy V2R oy

x exp 2aihT; .

Likewise equation (19) is modified to

w
PLE(I~R)|=}+1 tanh o | E(—R))| (Eal*~ 1)
x exp 2nihT;
where W is equal to V @ —Ry)/Py-

Non-centrosymmetric crystal

As is well known, the characteristic function C of the
multivariate distribution P(A4;,4,, 43, B,, B,,B;) may
be expanded in terms of cumulants:

oo l'
PSeesW
Cuy, Us, U3, 0y, 0;,03) =€XP [t % PhstLw T T
% iuy \" { iu, 3 ivg \*
Tz 1172 1172
where
)' — Krs...w
TSeaw T mUtsto w2 e
K,s.., is a cumulant (with indices r,s,...,w) of the

distribution:

A;=|E| cos gp,
A,=1Ey] cos ¢y,
A3=|Eh—kl COS Ph—ks -+« -

By taking the Fourier transform we can derive (re-
taining terms to order 1/¢!/%) the formula

1
@ yz

{ A} A B
X €Xp [ 2+ +...+ 5

)-200000 )‘020000 )'000020

P(AbAz, A, By, B,, Bs) =

B3 1 A11000A414243
4+ =191+ —173 7 ; 7 ——
2000002 t 2200000 . )'020000 . /1002000
1001110A3B1‘BZ A(;10101A2B1B3
}‘002000 . 2000200 . }‘000020 /1020000 . 1000200 . }‘000002
!
1100011A1B2B3 }
+...7,

2200000 - 4000020 - 2000002
l=lzooooo . lozoooo ..

(20)

where
. 1000002 )

K;00000 _ WAL

A 00000~ — T~ =
20001 m P

and

It is easily shown that the distribution (20) coincides,
in the case of general reflexions, with the known
formula (Karle & Hauptman, 1956),
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1
P(IEII,IEZL|E3Ia(p1,(p2,¢3)= ';5-3— IEll |E2l [E3I

—(03)} .
The conditional mean values

<A2A3~BzBs>= <|EkEh—k| cos (¢y +¢h_k)>7
and

{A3Bs+ A3B;) = (| ExEp_i sin (px+¢n-x))»
when 4, and B, are fixed and the fact that

Qyy @y (h—k))

xexp (—|Eyf = |l —

2
wfi Gy B 1B 1 o0 (-

| E5]%)

Ki11000 =M 111000 = , etc.,
. ] PthPh -k
gives the result
{|ExEn -kl €08 (9x+0n-x))
Von

1 [ A111000 — A100011 1
T { }Lzoooo: 4 } N2 (y*(h))
{ () [y®yh—k) —nknh-Kk)]) }

VPwPn-x

X |Ey| coOS @ - (#2))

In the same way we find
{|ExEq_yl sin (¢x +¢n-1))
_ ;1{ Agot110+ Aotoror B} _ 1 7_@ﬁ
12 A000200 ! N2 (p*(h))y

9 { {n(h) [1(k)y(h—k) + y(K)n(h—K)]) }
Vpkph—k

X |Ey| sin gy, . (22)

From the distribution (20) we derive the conditional
mean values {4, and (B, ) when Ay, Ap_x, By, Bu-x
are fixed. After some calculations

1 A,A
(|En| cos pny= iz {1111000 __2;__
t 4020000 - 4002000

Iy
i WL p Bs}

/1000020 /1000002

‘/PkPh -k (M ®y(h—kK))
~ Vpw i V- “'{<w2(k)> (Y —K))

X COS @y COS Pp_k

Cyhnknth—k)) .

) G-y OS]t @)
<lEh| Sin (0h>_ Vp;ﬁ‘h Nl/z [EkEh—kI
h

629
AQyh—k)>
| PRy (A=Y PO Pn
() n(h—k)) .
W) Grti—k)y °° P St e O

If E,, Ex, E,_\x are general reflexions we obtain

1
{|Ey| cos py)= YN |ExEy -kl c0s (px+ ¢n-x) »

. 1 )
{IEy| sin )= N |ExEyn—x| sin (¢x+¢n_1);

so that in all space groups the relation (8) is justified.
If E, is a centrosymmetric reflexion [n(k)=0], we
find
VPupn-1
VPh
9 { (yy Ky h—k))
Wk)) (w(h—k))

{|Ep| cos pn)= | ExEn—xl

Nl/Z

oS (¢x+ ¢n- k)} )]

(|Ep| sin gy)= Vpr;ﬁ;k N2 |ExEn—xl
(nyyEnth—k)) .
(w5 gy S G on-nlf - (9
As in this case
YOp®YB-K) _ aOv@nb-K) .

WAK)Y (wHh-K))  (WK)) (Wi(h—k))

the relation (8) is still valid.

Analogously, if one Ej,_y reflexion is centrosymme-
trical, equation (25) still holds, and relations similar
to (26) and (27) can be worked out. Following
Cochran (1955), one can easily deduce that in the
distribution (9) a suitable weight must be applied: in
the example of Table 1,

o Vpubnow Cyp®y(h—k))

G o=
BT ) (P —K))
|EnExBnil _ | EnEEn
X2~ VN —“—Wh‘kz VN_' (28)

A more general expression for these weights, valid
in all space groups will be identified in the following
paper (Giacovazzo, 1974).

I wish to thank Dr J. Karle for critical reading of the
manuscript.
APPENDIX

From the theory of linearization (Bertaut, 1959a,b) we
obtain for a general space group of order m,
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Tab]e 1. —hg+kJ+hk=0

hlklll hlklll hlklll

mkidy  mkidy hkO0 Rk hkO kO A00  A,00
hkaly ka0 R00  hk0 00 Akl 0 R0L  hoks0 B00  h00 ok,
hsksly  hsksly  hsksls ROl Oksls  hsks0 Oksls  hs00 0k hs00 ksl
(M) E)w(h—k)) 1 2 4 4 8 4 8 8 16 16 4
{n(h)n(k)w(h—Kk)) 1 0 0 0 0 0 0 0 0 0 0
{n(h)w(Kynth—k)) 1 2 4 0 0 0 0 0 0 0 0
(wn(knth—k)y  —1 0 0 0 0 0 0 0 0 0 -4
Wh 1 1 V2 1 V2 1 2 V2 2 V2 o 2y2
Table 2. h;+h;+h,=0
Parity hkdy  hkidy hieds hdgdy ikt mkO kO RkO kKO £,00
classes hzkzlz hszO hzOO hszO hZOO hszO hzolz hzkzo hzOO hzOO
hsksly  hsksly  hsksly ROl Okl hsks0  Oksls  A00  Oks0  A,00
CEmEEEM+K) 8 16 32 32 64 32 64 64 128 128
Ye(h+k
% _)> 8y2 16 16 16y2 8y/2 16)/2 16 16)/2 16
VpuVpxV ph +x
Wh.x 1 V2 2 2 2)2 V2 2)2 2 212 2

E(HL)E(H) = § £(H, +H,C)

=§s o (H):(H;+HR), (Al)

where a,(H)=exp 27/HT,.

If we multiply equation (A1) for ¢(H,), by setting
H3=H1+H2, we ﬁnd

EH)E(H,)E(H,) = g’" § £H,(C, — 1) + H,(C, )]

=1§ a,(H,)a,(H,)
x SH,R,~D+H,R.~D]. (A2)

The mean value (¢(H,)é(H,)E(HS)) is different from
the zero for all C,, C, operations for which

H;(R;—I) + Hy(R,—1)=0. (A3)

For example, if C, is a operation for which
H;(R,—I)=0, the condition (A3) is verified for all r
operations C, such that

HZ(Rr -I)=0.
Therefore, if Ey, is non-special reflexion, we obtain
<5(H1)5(H2)5(H3)> =Py Pu,S(0) = Puy Pu,M.

Numerical values for different parity classes are
shown in Table 2 for the space group Pmmm.
In a similar way it results

£()E(2h) = ;z" Zh(I— C,+2C,)].

If the h reflexion is general, (¢2(h)(2h)) is different
from zero for C;= —I and C,=1: then

(M) 2h))=m.

If Ey, has statistical weight py,

mip
(EMERD)Y = py lz: , (I~ C,+2C,)]=mpy.
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